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Abstract
This paper discusses existence results for latin trades and provides a Glueing Construction which is subsequently used
to construct all latin trades of 4nite order greater than three.
c© 2004 Elsevier B.V. All rights reserved.
1. Introduction
Two disjoint partial latin squares of the same order, with the same set of 4lled cells and satisfying the property that
corresponding rows (corresponding columns) contain the same entry values, form a latin trade and its disjoint mate. The
study of latin trades, and combinatorial trades in general, has generated much interest in recent years. For an excellent
survey on the topic see [1]. Early papers by Dr&apal and Kepka (see for example [3,4]) studied the properties of these
structures and classi4ed latin trades of small order. Note that Dr&apal and Kepka refereed to these structures as exchangeable
partial groupoids and not latin trades. Later Keedwell [7] independently studied latin trades (termed critical partial latin
squares) and classi4ed latin trades containing less than 11 4lled cells; see also [2] (who referred to these structures as
latin interchanges). Results on embeddings of partial latin squares may also have implications for latin trades (see, for
example, [8,5]).
While the literature contains many results (under various guises) on the existence and classi4cation of latin trades of
small order, to date there are only a small number of elementary results concerning their construction. In this paper, we
address this de4ciency by presenting a “Glueing Construction” which is of interest as it provides a direct method for
constructing latin trades, for all 4nite orders.
It is envisaged that this simple method of construction may provide new insights into the properties of latin trades.
For instance, in [7] Keedwell de4ned the type of a latin trade and gave basic necessary conditions for the existence of
a latin trade. He conjectured that every type of latin trade which can exist does exist. This conjecture has since been
re-interpreted and has been shown to be a consequence of an earlier oriented double cover conjecture by Seymour [11].
Subsequent papers by Mahdian et al. [10], Hajiaghee et al. [6] and Luo et al. [9] have settled this question and thus
proved that Keedwell’s original conjecture about latin trades is true in all cases. The veri4cation of this conjecture uses
complicated constructions and is spread across the above three papers. It is hoped that the construction presented here
may shed some new light on this problem and lead to an alternative more direct proof.
1 Ale%s Dr&apal wishes to acknowledge the support of a 2003 Ethel Raybould Visiting Fellowships from the School of Physical Sciences,
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2. Denitions
A partial latin square P of order n is an n× n array based on the set of entry values N = {1; : : : ; n}, where each row
and each column contains each entry at most once. Parastrophes or conjugate partial latin squares may be obtained by
taking the original partial latin square and interchanging rows and columns (that is, the transpose), by interchanging rows
and entry values, interchanging columns and entry values or interchanging rows, columns and entry values. If each of the
entries of N occurs precisely once in each row and once in each column, then the partial latin square is termed a latin
square. A quasigroup is a set N closed under the binary operation ◦ such that in the equation x ◦ y= z the choice of any
two of the three elements x; y and z uniquely determines the third. If the headline and sideline of the operation table for
a quasigroup are removed, then the result is a latin square. Hence we will use the convention that the rows and columns
of a latin square are labelled by the entries of N and refer to the entry value in cell (i; j) of L as the entry i ◦L j. We
will also use the notation L(◦) to denote the latin square. A similar convention will be used for partial latin squares.
The non-empty cells of a partial latin square de4ne its shape. That is, the shape of a partial latin square is de4ned to
be the set of cells,
SP = {(b; c) | there exists an entry b ◦ c∈N in cell (b; c) of P}:
The volume of the partial latin square is de4ned to be |SP|.
For each row r; 16 r6 n, we let RrP denote the set of entry values occurring in row r of P. In a similar fashion we
de4ne CcP for each column c, and so for 16 r; c6 n
RrP = {r ◦ j∈N | (r; j)∈SP where 16 j6 n}; and
CcP = {i ◦ c∈N | (i; c)∈SP where 16 i6 n}:
We say a partial latin square P(◦) of order n is a latin trade if there exists a second partial latin square P(∗) of order
n, such that P(◦) and P(∗) satisfy the following conditions.
(1) SP(◦) =SP(∗),
(2) for each (i; j)∈SP(◦); i ◦P j 	= i ∗P j,
(3) for each r ∈N;RrP(◦) =RrP(∗), and
(4) for each c∈N;CcP(◦) = CcP(∗).
The partial latin square P(◦) is said to be a latin trade, with P(∗) as its disjoint mate. We will use the notation P(◦; ∗)
to refer to the pair P(◦) and P(∗) and read this to mean that P(◦) and P(∗) are partial latin squares of the same shape
and order and are row-wise and column-wise mutually balanced. To simplify the language we will refer to P(◦; ∗) as a
latin trade, and in the rest of the paper we shall take this to mean a pair of partial latin squares which form a latin trade
and its disjoint mate. The volume and the shape of the latin trade is taken to be the volume of the individual partial latin
squares P(◦) and P(∗). Let P(◦; ∗) be a latin trade of order n, and let there exist latin trades Q(◦; ∗) and R(◦; ∗) of order
n such that |SQ|¡ |SP|; |SR|¡ |SP|; SQ ∩SR = ∅; SP =SQ ∪SR; b ◦P c= d if and only if b ◦Q c= d or b ◦R c= d,
and b ∗P c = d if and only if b ∗Q c = d or b ∗R c = d. Then we say that P(◦; ∗) is the union of the disjoint latin trades
Q(◦; ∗) and R(◦; ∗). If P(◦; ∗) cannot be written as the union of two disjoint latin trades then we say P(◦; ∗) is minimal.
A partial latin square P(◦) of order n may be represented as an edge colouring of a subgraph of the complete bipartite
graph Kn;n. To this end, let {r1; : : : ; rn} ∪ {c1; : : : ; cn} represent the set of vertices of Kn;n and for each non-empty cell
(i; j)∈SP , draw an edge coloured i ◦P j from vertex ri to vertex ci. Such a graph will be denoted GP(◦). If GP(◦) is a
simple cycle C using precisely two colours, then there exists a partial latin square P(∗), for which P(◦; ∗) is a latin trade.
This latin trade has the property that it is minimal and each row and each column contains precisely two entries. Such a
latin trade is called a cyclic latin trade.
Lemma 1. Let J (◦; ∗) be a latin trade of order n. Fix a∈N such that RaJ 	= ∅ and let {M1; M2} be a partition of RaJ .
De<ne sets Vi and Wi;j; 16 i; j6 2 as follows:
V1 = {(a; c) | a ◦J c∈M1};
V2 = {(a; c) | a ◦J c∈M2};
W1;1 = {(a; c) | a ◦J c∈M1 ∧ a ∗J c∈M1};
W1;2 = {(a; c) | a ◦J c∈M1 ∧ a ∗J c∈M2};
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W2;1 = {(a; c) | a ◦J c∈M2 ∧ a ∗J c∈M1};
W2;2 = {(a; c) | a ◦J c∈M2 ∧ a ∗J c∈M2}:
Then |W1;2|= |W2;1|.
Proof. Since the partial latin squares J (◦) and J (∗) are row balanced, it follows that
|W1;1|+ |W1;2|+ |W2;1|+ |W2;2|= |V1|+ |V2|;
|W1;1|+ |W1;2|= |V1|; and
|W2;2|+ |W1;2|= |V2|:
Hence
|W2;1|= |W1;2|:
Lemma 2. Let S be a nonempty subset of N × N . For each r ∈N , let RSr = {(r; y)∈S | y∈N} and for each c∈N
let CSc = {(x; c)∈S | x∈N}. Further, let {D1; D2} be a partition of S such that, for each r ∈N and each c∈N
|RSr ∩ D1|= |RSr ∩ D2| and |CSc ∩ D1|= |CSc ∩ D2|:
Then |D1|= |D2| and there exists a latin trade U (◦; ∗), with SU =S, which may be partitioned into disjoint cyclic latin
trades Ai(◦; ∗). Further, for each i; Ai(◦; ∗) may be chosen in such a way that if {ei; fi} constitutes the set of entries
for Ai(◦; ∗), then whenever b ◦Ai c = ei we have (b; c)∈D1 and whenever b ◦Ai c = fi we have (b; c)∈D2.
Proof. The set S may be represented as a bipartite graph where the vertex set is partitioned into two isomorphic copies N
and an edge from vertex x to vertex y if (x; y)∈S. This graph will be denoted GS. It is assumed that |RSr∩D1|=|RSr∩D2|
and |CSc ∩ D1|= |CSc ∩ D2|. Thus for any vertex x, the edges incident with x may be partitioned into two sets of equal
size, one corresponding to elements of D1 and the other corresponding to elements of D2. Furthermore, each vertex has
even degree. Thus if GS is connected, then GS contains an Euler circuit, which can be partitioned into m edge-disjoint
cycles Ci; 16 i6m. These cycles may be chosen in such a way that, for each cycle Ci the edges alternate between
D1 and D2. Each such cycle Ci, 16 i6m, corresponds to a cyclic latin trade Ai(◦; ∗). If GS is disconnected we repeat
the argument for each component of the graph. The union of the cyclic latin trades Ai(◦; ∗) veri4es the existence of the
required latin trade U (◦; ∗).
Lemma 3. Let J (◦; ∗) be a latin trade. Let M = {b ◦J c∈N | (b; c)∈SJ} and assume |M |¿ 4. Then either
• there exist (bj; cj)∈SJ ; j = 1; 2, such that {b1 ◦J c1; b1 ∗J c1} ∩ {b2 ◦J c2; b2 ∗J c2}= ∅, or
• J (◦; ∗) can be represented as the disjoint union of at least three cyclic latin trades Ci(◦; ∗) with the property that
there exists an x∈M such that for each i, there exist b; c∈N where (b; c)∈SCi and b ◦Ci c = x.
Proof. De4ne a relation ’ on M in such a way that
d1’d2 if and only if
∃(b; c)∈SJ such that d1 = b ◦J c and d2 = b ∗J c or d2 = b ◦J c and d1 = b ∗J c:
Given the digraph associated with the relation ’, suppose that there exist two edges with no common vertex. Label the
endpoints of these edges {d1; e1} and {d2; e2}, respectively, implying there exists b1; b2; c1; c2 where say b1 ◦ c1 = d1 and
b2 ◦ c2 = d2. It is now immediate that the 4rst point above is satis4ed.
Alternatively, every pair of edges of the associated digraph are incident with a common vertex. Assume this digraph
contains a triangle, with vertices labelled d1; d2; d3 and edges with endpoints {d1; d2}; {d2; d3} and {d3; d1}. Since |M |¿ 4
there exists another vertex, d4. The fact that J (◦; ∗) is a latin trade implies d4 is adjacent to some other vertex, say,
d5. If d5 	∈ {d1; d2; d3}, then there exist two edges with no common vertex. Otherwise, let d5 = d1, but this leads to a
contradiction as it suggests there exist two edges with no common endpoints, namely {d1; d4} and {d2; d3}. Hence the
associated digraph does not contain a triangle, and so all the edges must have a common vertex, say x, of degree at least
6. A representation of the associated digraph is displayed below in Fig. 1. (Note that the double arrow indicates two
directed edges, one from x to yi and the other from yi to x.)
It will be shown that the latin trade associated with this graph is the union of disjoint cyclic latin trades. We may
assume that there exists a cell (b; c)∈SJ such that b◦c=x and b∗c=y. We wish to show that for some c′ 	= c, b◦c′=y
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Fig. 1. Digraph associated with ’.
and b ∗ c′ = x. Assume that this is not the case. Since J (◦; ∗) is a latin trade there exists d 	= c such that (b; d)∈SJ
and b ∗ d= x. Assume that b ◦ d= z where z 	= y. Once again since J (◦; ∗) is a latin trade there exists c′′ 	∈ {c; d} such
that b ◦ c′′ = y and b ∗ c′′ = w where w 	= x. But this implies that the digraph associated with the relation ’ contains an
edge from vertex y to vertex w where w 	= x, obviously a contradiction. Thus J (◦; ∗) is the union of disjoint cyclic latin
trades. Since there is one entry value, say x, common to all the trades, we may deduce that in the partial latin squares
J (◦) and J (∗) the entry value x occurs precisely once in each row and once in each column. Further, each row and each
column contains precisely one entry value distinct form x. Since |M |¿ 4, assume M contains the distinct entry values
x; y1; y2; y3. We may deduce that J (◦; ∗) is the disjoint union of at least three cyclic latin trades based, respectively, on
the three distinct sets of entry values {x; y1}; {x; y2}; {x; y3}.
3. Constructing latin trades
Let U (◦; ∗); K(◦; ∗) and L(◦; ∗) represent latin trades of order n satisfying the following properties:
(1) SU =SK ∩SL.
(2) Let M = {b ◦ c∈N | (b; c)∈SU} and assume that there exists a partition {F; E} of M such that for all (b; c)∈SU ,
b ◦U c∈E if and only if b ∗U c∈F; and
b ◦U c∈F if and only if b ∗U c∈E:
(3) Let D1 = {(b; c)∈SU | b ◦U c∈E ∧ b ∗U c∈F} and D2 = {(b; c)∈SU | b ◦U c∈F ∧ b ∗U c∈E}.
Whenever (b; c)∈D2, then b ◦K c = b ◦U c and b ∗L c = b ∗U c.
Whenever (b; c)∈D1, then b ◦L c = b ◦U c and b ∗K c = b ∗U c.
The Glueing Construction given below indicates how the latin trades U (◦; ∗); K(◦; ∗) and L(◦; ∗) may be used to construct
two partial latin squares J (◦) and J (∗) of order n.
Glueing Construction Let SJ =SK ∪SL.
Step 1: Assume (b; c) 	∈ SU :
if (b; c)∈SK , then b ◦J c = b ◦K c and b ∗J c = b ∗K c,
if (b; c)∈SL, then b ◦J c = b ◦L c and b ∗J c = b ∗L c.
Step 2: Assume (b; c)∈SU :
if (b; c)∈D1, then b ◦J c = b ◦K c, and b ∗J c = b ∗L c,
if (b; c)∈D2, then b ∗J c = b ∗K c, and b ◦J c = b ◦L c.
We will assume throughout that SK and SL are non-empty. However, it is conceivable that SK ∩SL = ∅. In this case,
the partial latin square U (◦) and U (∗) will be empty and Step 2 may be omitted. Thus J (◦; ∗) will be a latin trade
which is the union of two disjoint latin trades K(◦; ∗) and L(◦; ∗). Note also that if |SK |= r, |SL|= s and |SU |= t, then
|SJ |= r + s− t.
Theorem 4. Let J (◦) and J (∗) be partial latin squares constructed as above. Then J (◦; ∗) is a latin trade of order n.
Proof. It is clear that J (◦) and J (∗) have the same shape and are disjoint. We need to show that they are row balanced
and column balanced.
N. Cavenagh et al. / Discrete Mathematics 284 (2004) 97–105 101
Fig. 2. The latin trade K(◦; ∗).
Fig. 3. The latin trade L(◦; ∗).
To this end we note that SJ can be viewed as the union of two sets; the set of cells (b; c) for which b ◦J c = b ◦K c
and the set of cells (b; c) for which b ◦J c= b ◦L c. Because of the symmetry of the construction we need only deal with
one of these sets.
Hence consider a cell (b; c)∈SJ such that b ◦J c = b ◦K c. Note that if b ◦J c = b ◦K c then either (b; c) 	∈ SU or
(b; c)∈SU with (b; c)∈D1.
We must prove that there exists a d∈N \ {c} such that b ∗J d= b ◦J c. We know that K(◦; ∗) is a latin trade so there
exists a d′ 	= c such that b◦K c=b∗K d′. When (b; d′) 	∈ SU or (b; d′)∈D2, then b◦J c=b∗J d′=b∗K d′. Set d=d′, and
there exists d 	= c such that b ◦J c= b ◦K c= b ∗K d= b ∗J d. If (b; d′)∈D1, the de4nitions of K(◦; ∗) and U (◦; ∗) imply
that there exists a c′ 	= d′ such that b ∗K d′ = b ∗U d′ = b ◦U c′. Further since (b; d′)∈D1; b ∗U d′ ∈F , so b ◦U c′ ∈F and
thus (b; c′)∈D2. However, b ◦U c′ = b ∗U d′ = b ∗K d′ = b ◦K c implying (b; c)∈D2. But, it was assumed that (b; c) 	∈ SU
or (b; c)∈SU with (b; c)∈D1, and (b; c)∈D2 contradicts both of these cases. Thus (b; d′) cannot belong to D1.
Repeating this argument for b ◦J c = b ◦L c shows that J (◦) and J (∗) are row balanced. Similarly we may prove J (◦)
and J (∗) are column balanced. Thus J (◦; ∗) forms a latin trade.
Example 5. Let K(◦; ∗); L(◦; ∗) and U (◦; ∗) be the latin trades given below in Figs. 2–4. Note that each is of order 7.
We note that SU=SK∩SL. We let E={6} and F={3}; and it follows that D1={(3; 4); (4; 3)} and D2={(3; 3); (4; 4)}.
Now these latin trades may be used to construct the latin trade J (◦; ∗) given below in Fig. 5.
4. Deconstructing latin trades
Theorem 6. Let J (◦; ∗) be a latin trade of order n and M = {b ◦ c∈N | (b; c)∈SJ}. Assume M = M1 ∪ M2 where
M1 ∩M2 = ∅. Then there exist partial latin squares K(◦); K(∗); L(◦); L(∗); U (◦); U (∗) of order n, such that:
• SK = {(b; c) | (b; c)∈SJ ∧ (b ◦J c∈M1 ∨ b ∗J c∈M1)}; (K(◦) and K(∗) have the same shape).
• SL = {(b; c) | (b; c)∈SJ ∧ (b ◦J c∈M2 ∨ b ∗J c∈M2)}; (L(◦) and L(∗) have the same shape).
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Fig. 4. The latin trade U (◦; ∗).
Fig. 5. Latin trade J (◦; ∗).
• SU =SK ∩SL; (U (◦) and U (∗) have the same shape).
• if SU 	= ∅, then U (◦) and U (∗) may be chosen in such a way that U (◦; ∗) forms a latin trade which is the disjoint
union of d cyclic latin trades Ai(◦; ∗); 16 i6d.
• K(◦; ∗) and L(◦; ∗) form latin trades.
Further J (◦; ∗) may be obtained by applying the Glueing Construction with the latin trades K(◦; ∗); L(◦; ∗) and U (◦; ∗).
Proof. If J (◦; ∗) is not minimal then J (◦; ∗) is the union of two disjoint latin trades K(◦; ∗) and L(◦; ∗), in which case
SU = ∅ and the result is true.
Otherwise, let D1 = {(u; v) | u ◦J v∈M1 ∧ u ∗J v∈M2} and D2 = {(u; v) | u ◦J v∈M2 ∧ u ∗J v∈M1}. For r ∈N , let
Dr1 = {(r; c)∈D1}; and Dr2 = {(r; c)∈D2}. By Lemma 1 we have |Dr1|= |Dr2| for all r. A similar result can be proved for
any column c.
Let SU = D1 ∪ D2, then SU =SK ∩SL. Lemma 2 implies that there exists a latin trade U (◦; ∗) which is the union
of disjoint cyclic latin trades, Ai(◦; ∗); 16 i6d, for some d. Further, for each i; Ai(◦; ∗) may be chosen in such a way
that if {ei; fi} constitutes the set of entries for Ai(◦; ∗), then whenever b ◦Ai c = ei we have (b; c)∈D1 and whenever
b ◦Ai c = fi we have (b; c)∈D2. We let E = {ei | 16 i6d} and F = {fi | 16 i6d}.
The symmetry of the decomposition implies that we need only prove that K(◦; ∗) is a latin trade, at which point it will
follow immediately that L(◦; ∗) is also a latin trade.
Let K(◦) and K(∗) be partial latin squares with shape as de4ned above and entries as follows:
u ◦K v = u ◦J v; whenever u ◦J v∈M1;
u ◦K v = u ◦U v; whenever u ◦J v∈M2 and u ∗J v∈M1;
u ∗K v = u ∗J v; whenever u ∗J v∈M1;
u ∗K v = u ∗U v; whenever u ∗J v∈M2 and u ◦J v∈M1:
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We need to show that for (u; v)∈SK there exists w 	= v such that (u; w)∈SK and u ∗K w = u ◦K v. There are two cases
to consider: u ◦J v∈M1 and u ◦J v∈M2.
First consider the case where u ◦J v∈M1. Then from the de4nition of K(◦; ∗), we have u ◦K v = u ◦J v. Since J (◦; ∗)
is a latin trade we know there exists w′ 	= v such that u ◦J v= u ∗J w′. Further since u ◦J v∈M1 it follows u ∗J w′ ∈M1.
The de4nition of K(◦) and K(∗) implies that since u ∗J w′ ∈M1; u ∗K w′ = u ∗J w′. Consequently, if (u; v)∈SK where
u ◦K v = v ◦J v∈M1; then there exists w = w′ such that u ◦K v = u ∗K w.
Next consider u◦J v∈M2 and u∗J v∈M1. Then from the de4nition of K(◦; ∗), we have u◦K v=u◦U v. Since (u; v)∈D2,
we have u ◦U v∈F and u ∗U v∈E. Since U (◦; ∗) is a latin trade there exists w′ 	= v such that u ◦U v = u ∗U w′. Since
u ◦U v∈F , then u ∗U w′ ∈F and u ◦U w′ ∈E, hence (u; w′)∈D1. The de4nition of D1 gives u ∗J w′ ∈M2, which, when
taken with the de4nition of K(◦) and K(∗), gives u ∗K w′ = u ∗U w′. Thus when (u; v)∈SK , where u ◦K v = u ◦U v and
u ◦J v∈M2, there exists w = w′ such that u ◦K v = u ∗K w.
Hence K(◦) and K(∗) are row balanced. Similarly, we can show K(◦) and K(∗) are column balanced and it follows
K(◦; ∗) is a latin trade, with disjoint mate. By the symmetry of the construction we can prove L(◦; ∗) is a latin trade.
Corollary 7. Assume that J (◦; ∗) is a latin trade with |M |¿ 4 and that there exist two cells (b1; c1); (b2; c2)∈SJ such
that {b1 ◦J c1; b1 ∗J c1} ∩ {b2 ◦J c2; b2 ∗J c2} = ∅. Then there exist latin trades K(◦; ∗); L(◦; ∗) and U (◦; ∗) of volumes
strictly less than the volume of J (◦; ∗), such that the Glueing Construction can be applied to K(◦; ∗); L(◦; ∗) and U (◦; ∗)
to obtain J (◦; ∗).
Proof. Let {b1 ◦J c1; b1 ∗J c1} ⊆ M1 and {b2 ◦J c2; b2 ∗J c2} ⊆ M2. Now it is immediate from Theorem 6 that the result
is true.
Corollary 8. If J (◦; ∗) is a latin trade with |M |¿ 4; then there exist latin trades K(◦; ∗); L(◦; ∗) and U (◦; ∗) of volumes
strictly less than the volume of J (◦; ∗), such that the Glueing Construction can be applied to K(◦; ∗); L(◦; ∗) and U (◦; ∗)
to obtain J (◦; ∗).
Proof. Lemma 3 implies that either the initial conditions of Corollary 7 are satis4ed and hence the result is true or J (◦; ∗)
can be represented as the disjoint union of at least three cyclic latin trades Ci(◦; ∗) with the property that there exists an
x∈M such that for each i, there exist b; c∈N where (b; c)∈SCi and b ◦Ci c= x. Assume the latter is the case. The proof
of Lemma 3 indicates that there exist distinct b1; b2 and distinct c1; c2; c3; c4 such that
(b1; c1)∈SJ ; with b1 ◦J c1 = x; (b1; c2)∈SJ ; with b1 ∗J c2 = x;
(b2; c3)∈SJ ; with b2 ◦J c3 = x; (b2; b4)∈SJ ; with b2 ∗J c4 = x:
This implies that there exists I(◦; ∗) a parastrophe of J (◦; ∗) such that
b1 ◦J x = c1; b1 ∗J x = c2; b2 ◦J x = c3 and b2x = c4:
It is immediate from Corollary 7 that the result is true.
Example 9. Let the two partial latin squares in Fig. 6 represent J (◦) and J (∗). Here M = {1; 2; 3; 4}; |M |¿ 4, and we
let M1 = {1; 2} and M2 = {3; 4}.
Fig. 6. The latin trade J (◦; ∗).
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Fig. 7.
Fig. 8. U (◦; ∗).
Fig. 9. K(◦; ∗).
Fig. 10. L(◦; ∗).
The array labelled SU ∪SK ∪SL and shown in Fig. 7 indicates the cells of J (◦; ∗) which correspond to the shape of
U , the shape of K or the shape of L. Note that cells that belong to the shape of U also belong to the shape of both K
and of L. The second array labelled D1 ∪ D2 indicates which cells are members of D1 and which are members of D2.
Choose U (◦; ∗) (Fig. 8) to be a latin trade with entries chosen from the set E ∪ F where E = {y} and F = {x}. Then,
as in the proof of Theorem 6, K(◦; ∗) (Fig. 9) can be derived from J (◦; ∗). Similarly we can derive L(◦; ∗) (Fig. 10).
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5. The existence of nite latin trades
Theorem 10. Let J (◦; ∗) be a latin trade of <nite order n and volume v. The Glueing Construction and latin trades of
order less than four can be used to construct J (◦; ∗).
Proof. Let M = {(b ◦J c)∈N | (b; c)∈SJ}. The proof will proceed by induction on v and by noting that if we have a
latin trade P(◦; ∗) of order m and volume v, then by adding n − m empty rows and empty columns to P(◦; ∗) we may
obtain a latin trade of order n¿m and volume v.
It is easy to observe that up to isomorphism the only latin trades of order less than 4 are those arising from the
following partial latin squares or their parastrophes (see for example [3]).
Let J (◦; ∗) be a latin trade of order n and volume v. Assume that all latin trades of volume less than v and greater than
three can be constructed using the Glueing Construction.
Assume that |M | = 2 and J (◦; ∗) is of order n¿ 4. We may proceed as in the proof of Corollary 8, to obtain a
parastrophe which satis4es the conditions of Corollary 7. Thus J (◦; ∗) can be constructed using the Glueing Construction
and for |M |= 2 the result follows by induction.
Next assume that J (◦; ∗) is a latin trade of order greater than or equal to four and |M |¿ 3. Note that if |M |¿ 4, the
order of J (◦; ∗) must be greater than or equal to 4.
Let |M | = 3, say M = {x; y1; y2}. Assume that each of the entry values of M occur in at most three 4lled cells
of J (◦; ∗). Then J (◦; ∗) is a latin trade taking one of the above forms. Hence without loss of generality assume that
the entry value x occurs in four 4lled cells of J (◦; ∗). So there exist distinct b1; b2 and distinct c1; c2; c3; c4 such that
b1 ◦ c1 = x; b1 c2 = x; b2 ◦ c3 = x and b2 ◦ c4 = x. Once again we may use an argument similar to that used in the proof
of Corollary 8 to show that J (◦; ∗) can be constructed using the Glueing Construction, and the result follows by the
inductive hypothesis.
Finally if |M |¿ 4, we make direct use of Corollary 8 and the inductive hypothesis.
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